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All critical points are global mins Vix) =0 = f(x) =f*
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Why care about PL.?

IVFOII? = 2u(f(x) — ), Vx € R"
Nonconvex

Gradient descent/flow behaves nicely
L-smooth and u-Pt imply linear convergence (short proof!)

Global minima

f may have a (nonconvex) manifold of solutions
Overparameterization!

w2
" Sy S SRR

Applications: Deep learning (Liu et al. ‘20),
control (Fazel et al. '18), etc.

Liuetal. ‘20
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A diffeomorphism is a smooth map R™ — R" with smooth inverse
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What do PL functions look like?

IVF Ol = 2u(f(x) — ), vx € R"

f) > l1x[1%

If f is smooth and globally Pt. with unigue minimizer, does there exist a
diffeomorphism ¢ : R™ — R™ such that

) = llg* ?

Baby Thm: Yes
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What do Pt functions look like?

IVFCOII? = 2u(f(x) — f7), Vx € R"
If f is smooth and globally Pt. with does there exist a
such that

fQ) = llpll* ?

Baby Thm: Yes (in fact, enough to just assume solution set is

Cor: There is a complete Riemannian metric on R" under which f is
geodesically convex.

(compare with Rapcsak & Csendes '93)
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What do PL functions look like?

Global minima

If f is smooth and globally Pt-with-ss+esesssssr=e+= does there exist a
diffeomorphism ¢ : R™ — R™ such that

Fo) = g(p(x),  where  g(x) =x% +-x} ?
S={x:Vf(x) =0}={x:f(x) =f"}, dimS=n—k

k<n
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Global minima

k<n

f(x)

If f is smooth and globally Pt-with-ss+esesssssr=e+= does there exist a
diffeomorphism ¢ : R™ — R™ such that

Fo) = g(p(x),  where  g(x) =x% +-x} ?
S={x:Vf(x) =0}={x:f(x) =f"}, dimS=n—k

Short answer: No in general. Yesif dimS < 2. .
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What do PL functions look like?

Topological obstruction:

There exist contractible manifolds S of dim S = 3 which
are not diffeomorphic to R4™ S and yet § x R = R1+dim$

ﬁ ‘1 (i
I\

Famous Whitehead manifold (‘34) Calegari '19

Cor: If S is simply connected at infinity (dimS = 5) ORdim S < 2, then there
exists a diffeomorphism ¢ : R"™ — R™ such that

f(x) = g(¢(), where g(x) =xf +-x;
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S={x:Vf(x)=0}={x:f(x) =f"}, dimS=n—-k

Main Thm: If f is smooth and globally P, then there exists a
such that

f@) = Nl (I

Cor: If S is simply connected at infinity (dimS = 5) ORdim S < 2, then there
exists a such that

f(x) = g(¢p()), where g(x) =xf+-x7

Cor: There is a complete Riemannian metric on R™ under which f is
geodesically convex.
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Remainder of talk

Baby Thm: If f is smooth and globally Pt with unique minimizer, there exists a
diffeomorphism ¢ : R™ — R"™ such that

f() = llepGoll?

Main Thm: If f is smooth and globally P, then there exists a diffeomorphism
b = (py,p,) : R - 5 x R such that

FG) = o (1

Next: Some geometric intuition behind proofs
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Baby Thm: If f is smooth and globally PL. with unique minimizer, there exists a
diffeomorphism ¢ : R™ — R" such that

Unique minimizer @ = I @I

Step 1: Make f locally a squared distance (Morse Lemma)

%\—s
@ _
S=
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Unique minimizer

Baby Thm: If f is smooth and globally PL. with unique minimizer, there exists a
diffeomorphism ¢ : R™ — R" such that

f@) = llg@ll®

Step 2: Do it globally with grad flow x'(t) = —Vf(x(t)), x(0) = x,

Xo = P(xp)
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Baby Thm: If f is smooth and globally PL. with unique minimizer, there exists a
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Baby Thm: If f is smooth and globally PL. with unique minimizer, there exists a
diffeomorphism ¢ : R™ — R" such that

Unique minimizer @ = I @I

Step 2: Do it globally W1th grad flow x'(t) = —Vf (x(t)) x(0) = x,

— )
2

Inverse qb L. ]ust run the procedure in reverse!
NN N T/



Main Thm: If f is smooth and globally PL, then there exists a

such that

f) = liga (07

Manifold of minimizers

IVF Ol = 2u(f(x) — ),
S={x:Vf(x) =0} ={x: f(x) =17},

Vx € R"

dimS=n—k

41




Main Thm: If f is smooth and globally PL, then there exists a
such that

f) = liga (07

Manifold of minimizers

IVFCON? = 2u(f(x) — f7), vx € R"
S={x:Vf(x) =0} ={x:f(x) =f"}, dimS=n—k

Sisa without boundary (Rebjock & Boumal ‘23)



Main Thm: If f is smooth and globally PL, then there exists a
such that

f) = liga (07

Manifold of minimizers

IVFCON? = 2u(f(x) — f7), vx € R"
S={x:Vf(x) =0} ={x:f(x) =f"}, dimS=n—k

Sisa without boundary (Rebjock & Boumal ‘23)

S is contractible (so , ...) (Lojasiewicz '65)



Main Thm: If f is smooth and globally PL, then there exists a
such that

f) = liga (07

Manifold of minimizers
IVFCON? = 2u(f(x) — f7), vx € R"
S={x:Vf(x) =0} ={x:f(x) =f"}, dimS=n—k
Sisa without boundary (Rebjock & Boumal ‘23)

S is contractible (so , ...) (Lojasiewicz '65)
S cannot be a circle, sphere, cylinder, ...



Manifold of minimizers
IVFCON? = 2u(f(x) — f7), vx € R"
S={x:Vf(x) =0} ={x:f(x) =f"}, dimS=n—k
Sisa without boundary (Rebjock & Boumal ‘23)

S is contractible (so , ...) (Lojasiewicz '65)
S cannot be a circle, sphere, cylinder, ...

Main Thm: If f is smooth and globally P%, then there exists a
such that

FG) = g2 (I
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Main Thm: If f is smooth and globally PL, then there exists a diffeomorphism
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f) = lig(0)I?

Manifold of minimizers
]Rk
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b2 (y)
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Main Thm: If f is smooth and globally PL, then there exists a diffeomorphism
b = (¢y,P,) : R" = 5 xR such that

f) = lig(0)I?

Manifold of minimizers

x'(t) = —Vf(x(D),x(0) =y

n(y) = x(o0)
m:R" > S

S/\/\/_\ _
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Manifold of minimizers

(%) = R

Main Thm: If f is smooth and globally PL, then there exists a diffeomorphism
b = (¢y,P,) : R" = 5 xR such that

f) = lig(0)I?

x'(t) = —Vf(x(t)),x(O) = Xg

m(xg) = x(0)
m:R" > S
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Main Thm: If f is smooth and globally PL, then there exists a diffeomorphism
b = (¢y,P,) : R" = 5 xR such that

f) = lig(0)I?

Manifold of minimizers

y n~'(%) = R" x'(t) = —Vf(x(t)),x(O) = Xo

m(xg) = x(0)
m:R" > S
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Main Thm: If f is smooth and globally PL, then there exists a diffeomorphism
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Main Thm: If f is smooth and globally PL, then there exists a diffeomorphism
b = (¢y,P,) : R" = 5 xR such that

f) = lig(0)I?

Manifold of minimizers

x'(t) = —Vf(x(t)),x(O) = Xg

m(xg) = x(0)
m:R" > S
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Main Thm: If f is smooth and globally PL, then there exists a diffeomorphism
b = (¢y,P,) : R" = 5 xR such that

f) = lig(0)I?

Manifold of minimizers

~ R X' (1) = —Vf(x()), x(0) = xo

m(xg) = x(0)
m:R" > S

(s FGO) = £O)

Idea:
1. Map ¢, : m~*(n(y)) » n~1(X), so that

f) = ()
2. Apply baby thm to f restricted to 7~ (%)




Manifold of minimizers

Main Thm: If f is smooth and globally Pt, then there exists a diffeomorphism
b = (py, ) : R" = S xR such that

fx) = llg.(II°
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Takeaway/Questions

Smooth PL functions are almost always diffeomorphic to squared distances

Global Morse Lemma / Sum of Squares (also see Marteau-Ferey, Bach, Rudi ‘24)

F() = liga (@I

Questions: #)

Pt. on non-contractible smooth manifolds? & '- L] x(T)
X \
Make results ?
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Topological obstructions

Cor: If S is simply connected at infini
exists a diffeomorphism ¢ : R" - R

?s

(dimS = 5) ORdim S < 2, then there

uch that

fx)=g(p(x)), where gx)=xf+-x

2
k
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Topological obstructions

Cor: If S is simply connected at infinity (dim$S = 5) ORdim S < 2, then there
exists a such that

fx)=g(p(x)), where gx)=xi+x;

Note: S must be diffeomorphic to R®¥, the solution set of g
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Topological obstructions

Cor: If S is simply connected at infinity (dimS = 5) ORdim S < 2, then there
exists a such that

fx)=g(p(x)), where gx)=xi+x;

Note: S must be diffeomorphic to R®¥, the solution set of g

Thm: An embedded submanifold S of R" is the solution set of a PL.

function iff there is a diffeomorphism from S x R*, which maps S x {0}
to S c R".
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Topological obstructions

Note: S must be diffeomorphic to R®¥, the solution set of g

Thm: An embedded submanifold S of R™ is the solution set of a PL.

function iff there is a diffeomorphism from S x R¥, which maps S x {0}
toS c R".

Famous Whitehead manifold: If dim S > 3, such S exist which are NOT
diffeomorphic to R* %

Calegari '19
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